Abstract. A formula for power residue symbols is deduced, which can be treated as an analog of the Abelian integral theorem for number fields. §0. Introduction
§0. Introduction
It was Leopold Kronecker who first understood that there is a deep relationship between algebraic numbers and algebraic functions. He stated that the prime ideals in the fields of algebraic functions play the same role as the points of Riemann surfaces: the ramification points of a Riemann surface correspond to prime divisors of the discriminant of a number field, etc. The theory of Abelian integrals is the most studied part of the theory of algebraic functions. David Hilbert was apparently the first who initiated an analog of this theory in the fields of algebraic numbers. In particular, he noticed that his reciprocity law for the product of norm residue symbols (Hilbert symbols),
is an analog of Cauchy's integral theorem (see [6, pp. 367-368] ). Igor Shafarevich corrected him: Hilbert's reciprocity law is an analog of the corollary to Cauchy's integral theorem that says that the sum of residues of an Abelian differential αdβ at all points of a Riemann surface is zero. From this point of view the local norm residue symbol α,β p is an analog of the Abelian differential αdβ at p (see [3, p. 114] ).
To clarify the analogy with a Riemann surface, we consider the field of algebraic functions C(t) and a point P on a Riemann surface lying over the extended complex plane C. Let t be a local parameter. There are two simple operations in the field C(t): taking the derivative ∂ = d/dt and the residue res α i t i = α −1 . Then the meromorphic differential ω = fdt defined in the vicinity of P has a finite number of poles, and we have (1 ) r e s ( ω) = 0.
On the other hand, only finitely many prime ideals ramify in an algebraic number field, and thus, only finitely many local norm residue symbols are different from 1. Therefore, the product in (1) is well defined, and relation (1) is an analog of relation (1 ) (for the details, see the book "The way" by Alexeȋ Parshin, [2, Chapter 1]). Of course, our shallow explanation does not clarify the essence of this. To make the analogy more transparent, we consider the classical reciprocity law for power residues, which relates the product of power residues to a finite product of local norm residue symbols. It is well known that the main problem in the classical reciprocity law is to find an explicit formula for the product of power residue symbols. Class field theory relates this product to a finite product of local norm residue symbols:
(see [5] ). This equation is an analog of the integral theorem stating that an Abelian integral of a differential form on a Riemann surface is equal to the sum of the residues of this form at the singular points. In the present paper, we find an explicit formula for the product of power residues in a cyclotomic field and show that this formula is an analog of the Abelian integral theorem.
Notation
• ζ := ζ n is a primitive nth root of 1; 
If (α, n) = 1, then we assume that the free term of the polynomial α is prime to n. As usual,
• res i := res X i is the residue at X i . §1. Statement of the main theorem
The definition of the function l ∆ . We fix a prime p and denote by
is the ring of p-adic integers. Let ∆ be the operator acting on the Laurent series ring A (p) ((X)) as follows:
Remark 1. The definition of the action of ∆ on X k is dictated by the fact that the Frobenius operator σ in the unramified extension Q p (ζ k )/Q p acts on the prime π k of this extension as follows:
Replacing π k by the variable X k , we obtain the action of ∆.
Let M p be the multiplicative monoid of series in A (p) ((X)):
We define a function l ∆ on M p as follows:
Proposition 1. The function l ∆ is well defined and gives rise to a homomorphism from the multiplicative monoid M p to the additive group of
, and the free term of the polynomial g belonging to A (p) is zero. Therefore,
where
This fact and the definition of l ∆ show that
The proof of the statement about the series l ∆ (1 + h) can be obtained in the same way as the proof of Lemma 2 in [1].
Now, let p be a prime divisor of n
m , where m := m r and (n r , p) = 1. We denote by A p {{X}} the following two-dimensional ring of series: 
Proof. The residue res
X f (X)/g(X) is a polynomial in Z p [X 1 , . . . , X r−1 ]. Therefore, c(X 1 , . . . , X r−1 ) ∈ Z[X 1 ,
1.3.
Let p i be a prime divisor of n, and let l i := l ∆ i be a function as in Subsection 1.1 for the operator ∆ = ∆ i corresponding to the prime p := p i , i.e.,
with values in the additive group of
As before, we assume that for each element α of Z[ζ] with (α, n) = 1, a polynomial α := α(X 1 , . . . , X r ) ∈ Z[X 1 , . . . , X r ] is given such that α(π 1 , . . . , π r ) = α and the free term of α(0, . . . , 0) is prime to n. For α, β ∈ Z[ζ], (α, n) = 1, (β, n) = 1, we consider the series
By Proposition 1, the series Φ i (α, β) belongs to
Statement of the main theorem. Let K = Q(ζ) be a cyclotomic field and ζ := ζ n , where n is an odd integer, and let α, β ∈ Z[ζ] be relatively prime and prime to n. Then the nth power residue symbol
Theorem 1. The product of power residue symbols obeys the following relation:
Remark 2. Formula (3) is an analog of the Abelian integral theorem in number fields. The exponent on the right-hand side of this formula involves the sum of the residues of the differential forms Φ i at the "singular" points, which are the denominators ζ 
If, for example,
then, as will be shown below, the differential forms Φ i turn into simple series, and the general differential form will be Φ = log β log α. Therefore, the left-hand side of (3) becomes (log β) d log α/(ζ n − 1).
Proposition 2. All calculations in formula (3) are done in the field K = Q(ζ), and the right-hand side is well defined.
Proof. It is easily seen that
Next, the polynomial ζ i th root of unity. Therefore, the ith factor on the right-hand side of formula (3) is well defined; it is ζ resi S i . Here the calculation is done in the field K = Q(ζ). §2. Local symbols 2.1. Let K = Q(ζ n ), let p be a prime divisor of n, and let p be a prime ideal in K dividing (p). Suppose F = K p = Q p (ζ n ) is the completion of K with respect to the ideal p. Let n = n 1 p m and T = Q p (ζ n 1 ). Then F/T is a totally ramified extension and the extension T/Q p is unramified.
Lemma 2.
Let kn 1 + lp m = 1, k, l ∈ Z, and let α, β be elements of F * such that (αβ, n) = 1. Then, for the local norm residue symbol, we have
Proof. The basic properties of the norm residue symbol imply
(see, e.g., [7, Chapter IV, 5] ). The first symbol on the right-hand side of the above relation is tame because p n 1 . Therefore, the well-known formula for the tame symbol yields
where v is the valuation in F , and using the fact that α and β are units in F because (αβ, n) = 1 and p | n, we obtain v(α) = v(β) = 0, whence
, where o T is the ring of integers of the field T , if
where α .
and Frob is the Frobenius automphism in T (for the details, see [1] ). 
where Tr := Tr T /Q p and
Corollary. If in Lemma 3
we have n = n 1 p and (n 1 , p) = 1, then the series Φ(α . , β . ) for the units α and β has a simpler form:
(see [7, Chapter VII, 5] ).
The proof of Lemma 3 follows from Lemma 2 and the explicit formula for the norm residue symbol (see [1, 4] ). Therefore, the function l(α . ) as in (3 ) coincides with the function
and therefore, the series Φ(α . , β . ) occurring in (4) coincides with the series
occurring in (2).
2.3.
Let Z be the decomposition field of the ideal (p) in Q(ζ n ), where
We have a tower of fields
where Q p and T are the completions of Z and Q(ζ n 1 ) with respect to any of the ideals p i , 1 ≤ i ≤ d, and F is the completion of K with respect to P i for any i. We have
Gal(T/Q p ) ∼ = Gal(Q(ζ n 1 ))/Z.
Let tr be the trace operator in Q(ζ n 1 )/Z. We split the right-hand side into r factors, 
